Abstract. In order to investigate multiplicative structures in additively large sets, Beiglböck et al. raised a significant open question as to whether or not every subset of the natural numbers with bounded gaps (syndetic set) contains arbitrarily long geometric progressions. A result of Erdős implies that syndetic sets contain a 2-term geometric progression with integer common ratio, but we still do not know if they contain such a progression with common ratio being perfect square. In this article, we prove that for each k ∈ N, a syndetic set contains 2-term geometric progressions with common ratios of the form n k r 1 and p k r 2 , where p ∈ P (the set of primes), n ∈ N \ P, r 1 ≡ 1 (mod n) , r 2 ≡ 1 (mod p) and r 1 , r 2 ∈ N. We also show that syndetic sets with bounded gap two contain infinitely many 2-term geometric progressions with their respective common ratios being perfect squares.
Introduction
Previous research (e.g. [1] , [2] , [3] and [6] ) establishes that sets which are large in any of several multiplicative senses, must have substantial additive structure. For example, a 1 multiplicatively piecewise syndetic set in N must contain arbitrarily large arithmetic progressions [1, Theorem 1.3] . But we do not know much about the existence of multiplicative structures in additively large sets. Syndetic sets are additively large sets in the sense that their asymptotic density is positive. Definition 1.1 (Syndetic set). If l ∈ N, then A ⊂ N is called l-syndetic set if A has a non-empty intersection with every set of l consecutive natural numbers. A subset of the natural numbers which is l-syndetic for some l ∈ N, is known as a syndetic set.
An infinite arithmetic progression is the most trivial example of a syndetic set. Beiglböck et al. [1] and Bergelson et al. [3, Question 8.4 ] recognized the significance of looking for geometric progressions in syndetic sets in order to study multiplicative structures in additively large sets. They asked the following question.
Question 1.
If A is syndetic, do there exist x, y ∈ N such that {x, xy, xy 2 } ⊂ A?
The fact that syndetic sets contain 2-term geometric progression with integer common ratio, is a consequence of the following propositions , namely, Proposition 1.1 for dense sets and Proposition 1.2 for additively piecewise syndetic sets. Proposition 1.1 (Erdős [4] ). Suppose that A is a subset of natural numbers such that lower asymptotic density d(A) := lim inf |A∩ [1,n] | n > 0. Then A contains a 2-term geometric progression with integer commmon ratio. Definition 1.2 (Additively piecewise syndetic set). Let A ⊂ N. Then A is called additively piecewise syndetic set if ∃ l ∈ N such that for every n ∈ N, there is a sequence (x i ) n i=1 in A satisfying 0 < x i+1 − x i ≤ l ∀ i ∈ [1, n − 1]. For example, every syndetic set is additively piecewise syndetic set. 
In other words, an additively piecewise syndetic set contains configurations of the type {x, xy} for some x, y ∈ N. But there exists some additively piecewise syndetic set which does not contain configurations of the type {x, xy, xy 2 } with x, y ∈ N. One can get this type of set inside the collection of thick sets where thick set is a subset of the natural numbers containing arbitrarily large intervals in N. Using the fact that every thick set is additively piecewise syndetic set, Proposition 1.3 guarantees the existence of a piecewise syndetic set not containing configurations of the type {x, xy, xy 2 } with x, y ∈ N.
There is a thick subset A of N such that there do not exist a ∈ A and r ∈ Q \ {1} such that ar ∈ A and ar 2 ∈ A.
The following weaker version of Question 1 [7, conjecture] is also unknown to the best of the knowledge of the author.
In view of the above question, our first result of this paper is the following which gives more information about 2-term geometric progressions with integer common ratios in syndetic sets. Theorem 1.4. Let k ∈ N and H 0 ∈ {P, N \ P}. Then any syndetic set contains a 2-term geometric progressions with common ratio n k r for some n ∈ H 0 and r ∈ N with r ≡ 1 (mod n).
For the case k = 2, if r turns out to be a perfect square in Theorem 1.4, then we get an affirmative answer to Question 2. Since infinitely many elements of the set {1+mn : m ∈ N} are perfect squares for each n ∈ N, one can hope for an affirmative solution to Question 2. The next result of this paper confirms our intuition in the case of 2-syndetic sets. Theorem 1.5. A 2-syndetic set contains infinitely many 2-term geometric progressions with common ratios being perfect squares.
The proof of Theorem 1.4 uses Chinese remainder theorem extensively. In Section 2, we show that generating pairwise prime sets [see Definition 2.1] in a syndetic set is enough for finding configurations as required in Theorem 1.4 by the use of Chinese remainder theorem. Section 3 describes about Triveni triplets [see Definition 3.1] to understand pairwise prime subsets of a syndetic set. Zorn's lemma guarantees the existence of Triveni triplets of order one with respect to a given syndetic set and then recursive use of Chinese remainder theorem at various stages generates Triveni triplets of higher order. Using these observations, Section 3.3 explains the proof of Theorem 1.4. Section 4 describes the proof of Theorem 1.5 by producing infinitely many explicit geometric progressions.
Notation. Let N, P and Z denote, respectively, the set of positive integers, the set of prime numbers and the set of integers. For k ∈ N and H ⊂ N, S k,l,H denotes the collection of l-syndetic sets, each of which contains a configuration of the type {x, xn k r} where n ∈ H, r ∈ N satisfying r ≡ 1 (mod n). Let [a, b] := {x ∈ Z : a ≤ x ≤ b}. Let denote the "proper subset of" . For A ⊂ N and x ∈ N, xA = Ax := {nx : n ∈ A}. For l ∈ N and p ∈ P, r(p, l) := max{t ∈ N ∪ {0} : Using the Chinese Remainder Theorem [8] , the next lemma helps us to prove Theorem 1.4 in the case of syndetic sets containing arbitrarily large pairwise prime set.
Lemma 2.1. Let h ∈ N, let m 1 , m 2 , ..., m h be pairwise co-prime integers in N and let t 1 , t 2 , ..., t h be arbitrary elements in N ∪ {0}.
Proof. Consider the congruences
From the above lemma, we get the following important corollary which will be used recursively in the proof of Theorem 1.4. Corollary 2.2. Let h, k ∈ N, A ⊂ N be an infinite set and B ⊂ N be a pairwise prime set such that |B| = h and uB ⊂ A for some u ∈ N. If H be a pairwise prime subset of N such that |H| = |B| and gcd(a, b) = 1 ∀ a ∈ H, b ∈ B, then at least one of the following is true.
(1) A contains a configuration of the type {x, xn k r} for some x, r ∈ N, n ∈ H and r ≡ 1 (mod n).
. Since H and B are pairwise prime sets satisfying gcd(a, b) = 1 ∀ a ∈ H, b ∈ B, we get that the set {m i : i ∈ [1, h]} is a pairwise prime set. So, Lemma 2.1 gives z ∈ N which satisfies the property that if
Since uB ⊂ A for some u ∈ N, we have
Hence, applying the definitions of y i and m i in the equation (2.1), we have
k r j,t ∈ A and r j,t ≡ 1 (mod f (x j )) where y j ∈ A and f (x j ) ∈ H. This completes the proof.
Since an infinite pairwise prime subset of N (say H 0 ) contains a pairwise prime set H satisfying the hypothesis in Corollary 2.2, we immediately get the following proposition.
Proposition 2.3. Let k, l ∈ N, H 0 be an infinite pairwise prime subset of N and A be an l-syndetic set. If B be a pairwise prime subset of A such that |B| ≥ l, then A ∈ S k,l,H0 .
If H 0 = P or an infinite pairwise prime subset of N \ P, we get Theorem 1.4 for those l-syndetic sets which contain a pairwise prime set B with |B| ≥ l.
Triveni triplets and syndetic sets
In the previous section, we observed that the proof of Theorem 1.4 depends on the study of pairwise prime subsets of syndetic sets. For the purpose of better understanding of pairwise prime subsets of syndetic sets, we define Triveni triplet as follows. Recall T (l) from the Notation in Section 1.
is called a Triveni triplet with respect to the set A if there exists a sequence of pairwise prime sets (B u ) u∈F such that
Triveni triplets with respect to the set A are called A-Triveni triplets. |F | is called the order of the A-Triveni triplet (F, h, l).
3.1.
Triveni triplets of order one with respect to syndetic sets. One can produce Triveni triplets of order one with respect to most of the syndetic sets using Zorn's lemma [5] .
Lemma 3.1. Let r > 0 and A ⊂ N. Let M be the collection of pairwise prime subsets B of N satisfying rB = {rx : x ∈ B} ⊂ A. Then ∃ B r ∈ M such that if C ⊃ B r and C ∈ M, then C = B r . Here B r is a maximal element of M.
Proof. Let α be a chain in the partially ordered set (M, ⊂). Then the union of every elements of α belongs to the set M. Hence Zorn's lemma guarantees the existence of a maximal element.
In the above lemma, B r may be an empty set. But certainly B r = ∅ for some r ∈ N. In particular, B 1 = ∅. The next proposition deals with the existence of an infinite pairwise prime set B r for some r ∈ [1, l] with respect to (2l + 1)-syndetic set which does not contain at least two elements of a Nx for each x ∈ N. Since dx divides t for all x ∈ B d and z j > t, we have z j > dx ∀ x ∈ B d . Let x ∈ B d and d = gcd(dx, z j ). By the definition of t, dx | t. It follows that d = gcd(dx, j). Using x ∈ B d and d | dx, we get that the pairwise prime set
Therefore we get z j ∈ A such that gcd(dx, z j ) = d and z j > dx for each x ∈ B d . It gives us pairwise prime set
This set Y contradicts the maximality of B d . So, we get a contradiction to the assumption that B r is finite for each r ∈ [1, l]. Hence, there exists r ∈ [1, l] such that B r is an infinite pairwise prime set.
Therefore, Triveni triplets of order one can be found as an corollary of the above proposition in the following way. Corollary 3.3. Let k, l ∈ N, H 0 be an infinite pairwise prime subset of N and A be a (2l + 1)-syndetic set such that A / ∈ S k,2l+1,H0 . Then there exists d ∈ [2, l] such that ({d}, h, l) is an A-Triveni triplet for each h ∈ N.
Proof. Suppose for each
is not an A-Triveni triplet. Applying Proposition 3.2, we get that either A ⊃ Nx \ {xy} for some x, y ∈ N or there exists an infinite pairwise prime subset B satisfying B ⊂ A. Therefore Proposition 2.3 concludes the result.
3.2.
Triveni triplets of higher order with respect to syndetic sets. Now we shall see a procedure for generating Triveni triplets of higher order with respect to syndetic sets. First we will prove some necessary results to demonstrate the procedure. Due to the next lemma, one can construct arbitrarily large sets in which the gcd of any two elements is less than 2l + 2. The definition of c(h + 1) ensures x h+1 ≤ c(h + 1) − 2l and c(h) ≤ c(h + 1). Since x h divides m, the definition of x h+1 gives us x h < x h+1 . Let x ∈ S h and j ∈ [0, 2l]. To show that gcd(x, x h+1 + j) ∈ T (l), let q be a prime divisor of x such that q r(q,l)+1 | x. Since x ∈ S h , it follows that q r(q,l)+1 | m which is followed by q r(q,l)+1 | u for some u ∈ Y . Then x h+1 +j ≡ j+1 (mod q r(q,l)+1 ) by the definition of x h+1 . Hence, q r(q,l)+1 x h+1 +j because of the fact that j+1 ∈ [1, 2l+1] but q r(q,l)+1 > 2l + 1 by the definition of r(q, l). Hence q r(q,l)+1 gcd(x, x h+1 + j).
In the above lemma, the definition of the element x h+1 is inspired by the application of the Chinese remainder theorem on the congruences x ≡ 1 (mod u) ∀ u ∈ Y . One can choose any positive integer which satisfies these congruences and is greater than 1.
Corollary 3.5. There exists a map m : N × N → N such that for h, l, n ∈ N, an interval [n, n + m(h, l)] contains a set S with the following properties.
Proof. For given l, h ∈ N, Lemma 3.4 gives a strictly increasing sequence (y i )
in N and a positive integer c(h) such that a ≤ c(h) and gcd(a, b) ∈ T (l) ∀ a, b ∈ R with a = b where
r(q,l)+1 . Let n ∈ N and a 0 ∈ [n + 1, n + L] be an integer divisible by L. Then we shall show that the set S := {a 0 + u : u ∈ R} satisfies S ⊂ [n, n + m(h, l)] along with the properties (i) and (ii) given in the statement. By construction, one can note that property (i) is obvious. Using the fact that a ≤ c(h) ∀ a ∈ R and a 0 ∈ [n + 1, n + L],
by applying the definitions of a 0 and L. It follows that p r(p,l)+1 | gcd(u 1 , u 2 ) by using assumption that p r(p,l)+1 | gcd(v 1 , v 2 ). But, this contradicts the fact that gcd(u 1 , u 2 ) ∈ T (l). So we get a contradiction to the assumption that p
The next lemma solves a Diophantine problem using Chinese remainder theorem. Define C(l) := (2l + 1) 2l+1 and note that u < C(l) ∀ u ∈ T (l).
be sequence in N ∪ {0} and T (l) respectively. If X = {x 1 , x 2 , · · · x n } be a pairwise prime subset of N, then there exist z ∈ N and finite sequences (r i )
Proof. Let u = lcm(u 1 , u 2 , · · · , u n ). Then u ∈ T (l) and so u < C(l). For each i ∈ [1, n], choose non-negative integers r i and b i such that a i = b i u + r i and 0 ≤ r i < u. Note that r i ∈ [0, C(l)] as u < C(l). Since X is a pairwise prime set, the Chinese remainder theorem gives b ∈ N and a sequence ( Using the above corollaries and lemmas, the next two propositions demonstrate the complete procedure to generate Triveni triplets of higher order with respect to syndetic sets. Define the map Λ :
where the map m : N × N → N is taken from Corollary 3.5. Define
Proposition 3.7. Let k, l, h ∈ N, A be a (2l + 1)-syndetic set and H 0 be an infinite pairwise prime subset of N. If (F, Λ(D(l)h, l), l) be an A-Triveni triplet and A / ∈ S k,2l+1,H0 , then ∃ w ∈ T (l) \ M ul(F ) and a pairwise prime set C w such that |C w | = h and wC w ⊂ A.
Proof. Since (F, Λ(D(l)h, l), l) is an A-Triveni triplet, there exists a sequence of pairwise prime sets (B u ) u∈F satisfying |B u | = Λ(D(l)h, l) and uB u ⊂ A for each u ∈ F such that for distinct u, v ∈ F , gcd(x, y) = 1 ∀ x ∈ B u and y ∈ B v .
Let B = ∪ u∈F B u . Since H 0 is an infinite pairwise prime set, there exists a sequence of pairwise prime subsets of H 0 (say (H u ) u∈F ) satisfying |B u | = |H u | for each u ∈ F in such a way that for distinct u, v ∈ F , gcd(x, y) = gcd(x, b) = 1 ∀ x ∈ H u , y ∈ H v and b ∈ B.
Given that A is a (2l + 1)-syndetic set satisfying A / ∈ S k,2l+1,H0 . Applying Corol-
By Lemma 3.6, there exist sequences (r u ) u∈F in [0, C(l)], (t u ) u∈F in N and z ∈ N such that z +r u = uz u,tu ∀ u ∈ F. Then equation (3.2) guarantees that
Hence, Corollary 3.5 gives us a sequence of intervals in I (say (S i )
Since A is (2l+1)-syndetic set, there exists a sequence (s i )
we have gcd(s j1 , s j2 ) = w ∀ j 1 , j 2 ∈ J with j 1 = j 2 . Therefore C w is a pairwise prime set and wC w = {s j : j ∈ J} ⊂ A. Proposition 3.8. Suppose that k, l ∈ N, H 0 be an infinite pairwise prime subset of N and A be a (2l + 1)-syndetic set with A / ∈ S k,2l+1,H0 . If (F, h, l) is an A-Triveni triplet for each h ∈ N, then ∃ F ⊂ T (l) \ {1} with F F such that (F , h, l) is an A-Triveni triplet for each h ∈ N.
Proof. Let k 0 ∈ N \ [1, 2l + 1]. Since (F, k 0 , l) is an A-Triveni triplet, there exists a sequence of pairwise prime sets (B u ) u∈F such that for every distinct u, u 1 ∈ F , |B u | = k 0 and gcd(x, y) = 1 ∀ x ∈ B u , y ∈ B u1 . Let B := ∪ u∈F B u , α := {p ∈ P : p | x for some x ∈ B} and W be the cardinality of α.
Since A is a (2l+1)-syndetic set with A / ∈ S k,2l+1,H0 and (F, h, l) is an A-Triveni triplet for each h ∈ N, Proposition 3.7 guarantees the existence of an element v ∈ T (l) \ M ul(F ) and a pairwise prime set C v such that |C v | = W + k 0 and vC v ⊂ A. Also, Proposition 2.3 ensures v = 1. Using the fact that α ⊂ P with |α| = W and C v is a pairwise prime set of cardinality W + k 0 , we get a pairwise prime set
because elements of the pairwise prime set B are made from primes in α. Moreover
Here we constructed a sequence (F n ) n∈N such that F F n ⊂ T (l) \ {1} and (F n , n, l) is an A-Triveni triplet ∀ n ∈ N. Since |T (l)| < ∞, there exists a subsequence (F nt ) t∈N of (F n ) n∈N and F F ⊂ T (l) \ {1} such that F nt = F ∀ t ∈ N. Hence, (F , t, l) is an A-Triveni triplet for each t ∈ N.
Therefore the combination of Corollary 3.3 and Theorem 3.8 generates Triveni triplets of various order with respect to syndetic sets which do not contain configurations of the type {x, xn k r} where r ∈ N, n ∈ H 0 with r ≡ 1 (mod n). Using these observations, we will now see the proof of Theorem 1.4.
3.3.
Proof of Theorem 1.4. Let H 0 = P or H 0 be an infinite pairwise prime subset of N \ P. Since A is a syndetic set, there exists some l ∈ N such that A is a (2l + 1)-syndetic set. For k ∈ N, if possible assume that A / ∈ S k,2l+1,H0 . Then Corollary 3.3 gives existence of d ∈ [2, l] such that ({d}, h, l) is a A-Triveni triplet for each h ∈ N. Therefore, by Proposition 3.8, there exists a sequence (F i ) This gives us {x, xr 2 } ⊂ S for x = u 2 − 2 and r = u whenever u 2 − 2 ∈ S. For the remaining case u 2 − 2 / ∈ S, the 2-syndeticity of S guarantees that u 2 − 1 = z 2 (z 2 + 2i) ∈ S for some z ∈ 2N + 1, i ∈ {1, −1}.
Therefore we complete the proof by taking y = z in Lemma 4.2.
The above algorithm also guarantees a configuration of the type {x, xr 2 } inside syndetic sets with the condition r < x. For this, take m to be an odd perfect square and choose u = m + i for some i ∈ {1, −1} in the algorithm in the first method. The next algorithm generates a configuration of the type {x, xr 2 } inside syndetic sets with the condition r > x using the identity in the following lemma. Proof of Theorem 1.5 (second method). Let S be a 2-syndetic set. If {a, a + 1} ⊂ S for infinitely many a ∈ N, then applying the identity in Lemma 4.3, we get that {x, xr 2 } ⊂ S for (x, r) = (a, (4a + 3)) or (a + 1, (4a + 1)) for those a s. On the other hand, S contains an infinite arithmetic progression whenever {a, a + 1} ⊂ S for only finitely many a ∈ N. Therefore we finish the proof by using the fact that any infinite arithmetic progression contains an infinite geometric progression.
